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Abstract
Given a birational projective morphism of quasi-projective varieties f : Z → X . We want to
2nd the ideal sheaf I over X such that the blowing up of X along I corresponds to f. In this
paper we approach the problem from two directions, solving two subcases. First we present a
method that determines I when f is the composition of blowing ups along known centers, then
by another method, we compute I directly from i(Z) ⊂ PnX .
c© 2003 Elsevier Science B.V. All rights reserved.
MSC: 14E05; 14Q99
1. Introduction
Blowing ups from an interesting subclass of proper birational morphisms, in fact,
birational projective morphisms of quasi-projective varieties are nothing more than
blowing ups. This is clear from Theorem 7.17 on p. 166 in [8], which provides the
most important basis of this paper. The proof of the theorem given by Hartshorne is
non-constructive and highly abstract. To my best knowledge algorithmic solutions have
never been considered.
The problem is the following: Given a birational projective morphism of quasi-
projective varieties f :Z → X , that is, we have a closed immersion i : Z ,→ PnX for
some n such that f factors as p ◦ i, where p is the projection PnX → X . Then by
Theorem 7.17 in [8] we have a coherent sheaf of ideals I over X such that Z is
isomorphic to the blowing up X˜ of X along I, and f corresponds to  : X˜ → X under
this isomorphism. Under the assumption that the base 2eld k is computable, provided
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that Z and X are given by 2nitely represented sheaves of 2nitely generated k-algebras
and f by k-algebra homomorphisms, we want to compute I.
In this paper we approach the problem from two directions, solving two subcases
which are general enough to be of interest. The following famous problem serves as
the main motivation for the 2rst case: Given Y a reduced closed subscheme of a
non-singular quasi-projective variety X , compute an ideal sheaf I over X , such that
the blowing up of X along I induces an embedded resolution of the singularities of
Y (cf. Main Theorem I on p. 132 of [11], for additional information see [7,14]). In
the classical approach [11,15] the resolution is de2ned (in a non-constructive way) as
the composition of 2nitely many well chosen blowing ups above the initial variety.
Constructive solutions appeared in [2,6,14], followed by an implementation based on
Villamayor’s results in [3,4]. For a recent comprehensive introduction to the problem
of resolution of singularities we refer to [10].
In Section 3 of this paper we take f = 1 ◦ : : : ◦ l, where i :Xi → Xi−1 is a
blowing up of Xi−1 (with X0 = X ) along the ideal sheaf Ii, e.g. we consider the
sequence of blowing ups computed by the resolution algorithm of [4]. Then we present
a straightforward method to compute an ideal sheaf I over X0 whose blowing up is
isomorphic to Xl. In Section 4 we brieHy describe the details of the representation of
a sequence of blowing ups as it is in the algorithm of [4], demonstrating the method
of Section 3.
The second subcase of the original problem requires a more direct attack. In Section
5 we take i(Z) ⊂ PnX , given by a sheaf of 2nitely generated graded k-algebras, where
we can compute quasi-projective patches of i(Z) above aIne patches of X . Then we
present a simple method to determine an ideal sheaf I over X whose blowing up
yields a variety isomorphic to Z .
The results might be interesting not only on their own right but also because of the
connections to resolution of singularities; moreover the paper might be of interest for
people working on factorization of morphisms.
The results are related to the topics discussed in the recent papers: [12] on a criterion
for two ideals over X to give rise to isomorphic blowing ups, and [13] on a criterion
for an ideal to give rise to non-singular blowing up (up to a Nash blowing up).
I would like to thank Herwig Hauser for bringing the problem to my attention via
the “as simple as possible, as complicated as necessary” example of Section 6, and
Josef Schicho for his help and the useful discussions on related topics. This work was
supported by the Austrian Science Fund (FWF) in frame of the project SFB-P2 F1303
and partially of the project P15551.
2. Preliminaries
The notation comes from [8] and the context is as the one at Theorem 7.17. We
additionally assume for the varieties we work with that they are noetherian, where
the aIne rings, corresponding to open subsets of the variety, are 2nitely generated
k-algebras over some computable algebraically closed 2eld k.
The blowing up of a quasi-projective variety X along an ideal sheaf I is de2ned
as X˜ = Proj(
⊕
d¿0I
d), where I0 = OX and  is the projection X˜ → X . On an
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aIne subset U ⊆ X , where U = SpecA, A = k[x1; : : : ; xm]=〈f1; : : : ; fl〉 and IU =
〈g0; : : : ; gn〉A, the vanishing ideal J of the blowing up U˜ in U × Pnk is the kernel of
the ring homomorphism ’ : A[y0; : : : ; yn]→ A[t] that 2xes A and sends yi → tgi. A set
of generators of this ideal can be computed using the method of GrOobner bases (see
[1,5]) as
gbasis({f1; : : : ; fl; y0 − tg0; : : : ; yn − tgn}; T );
where T is an elimination term order for t on the term-monoid over the variables
x1; : : : ; xm; y0; : : : ; yn; t, and the generators of J are just the elements of the GrOobner
basis which are free of t. The ideal J is homogeneous in the yi, giving rise to a
grading on A˜= A[y0; : : : ; yn]=J : deg a= 0 for a∈A, deg yi = 1.
The blowup U˜ admits a natural aIne cover along the principal open subsets of
Pnk : U˜ i = SpecA(i), where A(i) = A˜=〈yi − 1〉 is the ith dehomogenization of A˜, being
isomorphic to A[g0=gi; : : : ; gn=gi]. The gluing maps of the U˜ can be constructed from
the local blowing up and blowing down maps composed with the gluing maps of X .
3. Unication of composed blowing ups
The elementary step of the process is to determine the uni2cation of two consec-
utive blowing ups. Let us consider X0
1←X1 2←X2, blowing ups along centers I1;I2,
respectively. Let 1 over an aIne subset U0 ⊆ X0 be described as in Section 2, and
let the restriction of I2 to U1 = U˜ 0 be I2 ⊆ A1 = A˜0 generated by deg1-homogeneous
elements h0; : : : ; hs.
Let the quasi-projective variety U2= U˜ 1 be the blowing up variety of U1 along I2. It
also admits a natural aIne cover via the aIne cover of U1. Using the construction of
Section 2 again, let the coordinate ring of U˜ 1(i), the blowing up of the ith aIne patch
of U1, be A˜1(i) = A1(i)[z0; : : : ; zs]=ker ’2, where ’2 is the homomorphism corresponding
to the blowing up de2ned by the ith dehomogenization of I2 in A1(i). Then Uij =
SpecA(i)( j), A(i)( j) = A˜1(i)=〈zj − 1〉.
Let ’1 :A1 → A0 2x A0 and send yl → gl, and let us denote hk = ’1hk . With this
notation we have that A(i)( j) is isomorphic to
A0
[
g0
gi
; : : : ;
gn
gi
;
h0
hj
gdeg1 hji
gdeg1 h0i
; : : : ;
hs
hj
gdeg1 hji
gdeg1 hsi
]
:
Indeed the dehomogenization of hk with respect to yi yields hk=g
deg1 hk
i ∈A1(i).
In A1 we want to consider only those blowing ups which can be de2ned along ideals
generated by forms of the same degree. In this case the gdeg1 hji =g
deg1 hk
i factors cancel in
the generators above, which allows us to show an isomorphism between the blowing up
varieties in Proposition 3.3. Fortunately, we can always reduce to this case, according
to Remark 3.2, using the following de2nition.
Denition 3.1. Let I=
⊕
d¿0 Id be a homogeneous ideal in a graded ring S=
⊕
d¿0 Sd.
For i¿ 0 the ith inverse saturation of I is
⊕
d¿i Id.
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Remark 3.2. In context of the previous de2nition: (i) Let S be generated by the degree
one elements y0; : : : ; yn over some ring A and let I be generated by a 2nite set F ⊂ S.
The 0th inverse saturation of I is generated trivially by F0 = F . For i¿ 0, a 2nite
generating set for the ith inverse saturation of I can be computed via the recursive
formula:
Fi =

 n⋃
j=0
{yjf |f∈Fi−1 ∩ Si−1}

 ∪ (Fi−1 \ Si−1):
In fact, the following simpler construction provides a 2nite generating set for another
ideal, whose saturation is the same as of I , and which can play the role of the ith
inverse saturation in the algorithm of this paper:
i−1⋃
d=0
n⋃
j=0
{yi−dj f |f∈F ∩ Sd}

 ∪
(
F
∖i−1⋃
d=0
Sd
)
:
(ii) Any inverse saturation of an ideal I has the same saturation as of I by construction.
(iii) Because of (ii) any inverse saturation of a homogeneous ideal I de2nes the same
closed subscheme as I itself (Exercise 5.10(b) in [8]), in particular, it gives rise to the
same blowing up as I .
Let I2, the ideal of the blowing up over U1, be generated in maximal degree d, that
is, d = maxi deg1 hi. Instead of I2 we blow up U1 along its dth inverse saturation I
′
2,
generated by, say, h′1; : : : ; h
′
r . Just as above, we construct the natural aIne cover of the
blowing up variety U ′2, getting U
′
ij = SpecA
′
(i)( j), where A
′
(i)( j) is isomorphic to
A0
[
g0
gi
; : : : ;
gn
gi
;
h′0
h′j
; : : : ;
h′r
h′j
]
:
Let U3 be the blowing up of U0 along the ideal in A0 de2ned as the product of I1,
the ideal of the 2rst blowing up center, and the image of I ′2 along ’1:
〈g0; : : : ; gn〉〈h′0; : : : ; h′r〉= 〈g0h′0; : : : ; gnh′r〉:
Using a suitable notation we describe the vanishing ideal J3 of U3 to be the kernel of
the ring homomorphism ’3 : A0[v00; : : : ; vnr]→ A0[t] that 2xes A0 and sends vij → tgih′j.
The coordinate ring of U3 is the graded ring A3 = A0[v00; : : : ; vnr]=J3.
Proposition 3.3. With the notation introduced so far, we have that U3 is isomorphic
to U ′2 which is isomorphic to U2.
Proof. By Remark 3.2(iii) it is clear that U2 and U ′2 are isomorphic. We show an
isomorphism between U3 and U ′2 by “assembling” both from isomorphic aIne varieties
in an isomorphic way. Let us cover U3 naturally by aIne subsets Uij=SpecA(ij), where
A(ij) = A3=〈vij − 1〉 which is isomorphic to
A0
[
g0h′0
gih′j
; : : : ;
gnh′r
gih′j
]
:
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Now we observe that the generators contain
gk
gi
=
gkh′j
gih′j
;
h′l
h′j
=
gih′l
gih′j
and that all the other generators can be eliminated by the equations
gkh′l
gih′j
=
(
gk
gi
)(
h′l
h′j
)
for k = i; l = j:
This makes Uij ⊆ U3 isomorphic to U ′ij ⊆ U ′2. Moreover, since the corresponding aIne
coordinate rings A(ij) and A′(i)( j) are the same subrings of the function 2eld over U0,
they give rise to the same gluing maps.
For a simple example that goes through all the computations we refer to the 2rst
half of Section 6.
Theorem 3.4. The method of Proposition 3.3 can be generalized to unify two com-
posed blowing ups over a quasi-projective variety.
Proof. Let X0 be covered by aIne subsets U0(i) = SpecA0(i), i = 1; : : : ; m. Let X0 be
blown up along I1 yielding X1=X˜ 0 which can be covered by quasi-projective varieties
U1(i) = U˜ 0(i) with homogeneous coordinate rings A1(i) = A˜0(i). Let then X1 be blown
up along I2 which restricts to I2|U1(i) = I2(i) ⊆ A1(i), homogeneous ideals generated
2nitely in maximal degree d(i), respectively.
We consider now the ideal sheaf I′2, given by its restriction over U1(i) as the dth
inverse saturation of I2(i), where d=maxi d(i). We can replace I2 by I′2 in the second
blowing up; the gluing maps of the quasi-projective parts U ′2(i) of the blowing up variety
arise naturally from the gluing maps of the U2(i) and the isomorphisms U2(i) ∼= U ′2(i).
Then according to Proposition 3.3 we can compute ideals I3(i) ⊆ A0(i) that unify the
two blowing ups above U0(i). We need to extend the results to X0.
The image of I′2 in OX0 induced by the maps ’1(i) de2nes a sheaf over X0 which
we denote by I′2; in other terms I
′
2 =’1(1∗I
′
2), where ’1 is a morphism of sheaves
over X0 induced by the ’1(i) maps along the proper morphism 1. The uni2ed blowing
up center is then I1I
′
2.
Remark 3.5. The construction of Theorem 3.4 provides a coherent sheaf of ideals. This
is clear from the fact that the blowing up centers are de2ned by coherent sheaves and
this property is not disturbed by the computations.
For a given sequence X0
1←X1 · · · l←Xl we proceed by unifying blowing ups “at the
end”. That is, 2rst we unify Xl−2
l−1← Xl−1 l←Xl obtaining Xl−2
′l−1← Xl+1, where Xl+1 is a
isomorphic to Xl. This way we have a sequence of blowing ups with length one less
than the original sequence, thus in l − 1 steps we reach the blowing up X0 
′
1←X2l−1
along an ideal sheaf I2l−1 in OX0 , where X2l−1 is isomorphic to Xl.
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4. An application in resolution of singularities
For more than ten years now, there are constructive proofs available for resolution
of singularities over 2elds of zero characteristic [2,6,14]. In [3,4] we report on an
implementation of Villamayor’s algorithm which computes embedded desingularizations
of hypersurfaces (X;H), where X is a non-singular ambient variety and H is a variety of
codimension one in X . (Since then the algorithm is generalized to the non-hypersurface
case in [7].) An embedded resolution is constructed by computing a suitable sequence
of blowing ups X = X0 ← · · · ← Xl such that the preimage Hl ⊂ Xl of H has normal
crossings while the strict transform of H is nonsingular.
In this section we shortly describe a data structure that represents such a sequence
of blowing ups and apply the results of Section 3 to compute the uni2ed blowing up
that resolves the singularities “in one step”.
We represent a quasi-projective variety X via aIne covering, where an aIne chart U
is described by its 2nitely generated k-algebra, which is given by generators x1; : : : ; xm
and relations f1; : : : ; ft ∈ k[x1; : : : ; xm]. The aIne charts are glued together by birational
maps &UV :U → V , which are given by k-algebra homomorphisms between coordi-
nate algebras of open subsets of U and V . For instance, &UV can be given by a map
k[V ] → k[UV ], yi → gi=hi for y1; : : : yn generators of k[V ], where all gi; hi ∈ k[U ]
and UV = U \ Z(h1; : : : ; hn). Such a representation is called an atlas of aIne charts
for X .
A blowing up of X along an ideal sheaf I is computed by blowing up the charts of X
along the corresponding sections of I. Say, over U with 〈p1; : : : ; pr〉=I|U the blowing
up variety U˜ is represented via its natural covering, where, for instance, the generators
of the rth chart U˜ r can be x1; : : : ; xm; xm+1; : : : ; xm+r−1 and the relations can be com-
puted as in Section 2, making k[U˜ r] isomorphic to k[U ][p1=pr; : : : ; pr−1=pr]. In fact,
the blowing up centers in the resolution algorithm are always de2ned by regular param-
eters over U , so that the relations of k[U˜ r] are f1; : : : ; ft ; prxm+1−p1; : : : ; prxm+r−1−
pr−1.
The blowing up map |U˜ r : U˜ r → U can be represented by the natural ring inclusion
k[U ]→ k[U˜ r], and the blowing down map |−1U˜ r :U → U˜ r by k[U˜ r]→ k[Ur], xi → xi
for i = 1; : : : ; m and xm+i → pi=pr for i = 1; : : : ; r − 1, where Ur = U \ Z(pr).
The chart change maps between U˜ i and V˜ j arise naturally as −1V˜ j ◦&UV ◦|U˜ i : U˜ i →
V˜ j (the inverse is computed analogously).
In this representation a sequence of blowing ups is given by trees of aIne charts
above the charts U0; i of X0:
X0
X1
1
…
Xl
l Il
Ul,i
(1,…,1) Ul,i
(i1,…,il)
U1,i
(1) U1,i
(r1)
U0,i
Ul,i……
…
(r1,…,rl)
Il
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In order to compute an ideal sheaf over X that de2nes a blowing up variety isomor-
phic to Xl, we proceed as suggested at the end of Section 3. That is, we compute an
ideal sheaf over Xl−2 that uni2es the last two blowing ups Xl−2 ← Xl−1 ← Xl.
First of all, we have to compute the sections of Il over the quasi-projective patches
U˜ i, where Ui=U
(i1 ; :::; il−2)
l−2; i for simpler notation. This can be done easily: Let A˜= k[U˜ i],
which is a homogeneous k-algebra over A=k[Ui] of the form A[y0; : : : ; yr]=J , for some
r, so that U (i1 ; :::; il−2 ; j)l−1; i (denoted by Uij for simplicity) is isomorphic to U˜ i \ Z(yj) with
coordinate algebra Aj = A˜=〈yj − 1〉.
We have Il|Uij given by a 2nite generating set, say fj1; : : : ; fjrj . We compute
Il|U˜ i by computing the ideal intersection
⋂r
j=0〈(j(fj1); : : : ; (j(fjrj)〉A˜, where (j is the
homogenization with respect to yj.
Then, as in Theorem 3.4, we compute d=maxi di, where di is the maximal degree
of the elements in the obtained 2nite generating set of Il|U˜ i , and replace Il by its
dth inverse saturation, denoted as I′l. We push I
′
l along l−1 obtaining I
′
l which
is given by 2nite generating sets over the Ui. The product I′l−1 = Il−1I
′
l can then
easily be computed. We repeat the whole procedure now for Xl−3
l−2←
Il−2
Xl−2
′l−1←
I′l−1
X ′l ∼= Xl,
continuing till the last two-sequence of blowing ups gets uni2ed.
At last we should note that although the uni2cation process does not require GrOobner
basis computation, to compute the ideal intersections in general we need GrOobner bases.
5. A direct approach
In this section we intend to 2nd an ideal sheaf I as in Theorem 7.17 of [8] assuming
that we know i(Z) ⊂ PnX for some n. As in Section 3, 2rst we consider the problem
only above aIne subsets U ⊆ X , with U = SpecA, A = k[x1; : : : ; xm]=J , so that U˜ ∼=
−1U lives in Amk × Pnk . The next lemma generalizes the observation that the blowing
up variety can be naturally covered by aIne subsets whose coordinate algebras are
subrings of the quotient 2eld of the aIne variety. The information on the structure of
these rings will help us to say something about the saturated homogeneous ideal of
the blowing up variety.
Lemma 5.1. The coordinate ring of any a9ne subset of the blowing up variety U˜ is
isomorphic to a subring of the quotient :eld k(U ).
Proof. Let the coordinate ring of U˜ be A˜ and let the aIne patch be de2ned as the
complement of the zero set of 0 = f∈ A˜ with positive degree.We want to show that
the ring A˜[y]=〈fy − 1〉 is isomorphic to a subring of k(U ).
We know that U˜ is isomorphic to some U˜
′
=−1U ⊂ PrU , for some r, with vanishing
ideal J˜
′
and coordinate ring A˜
′
which is the blowup algebra of an ideal I ⊆ A. This
isomorphism pulls f to some 0 = f′ ∈ A˜′. Let d=degf′ (¿ 0) and let us apply d-uple
embedding for U˜
′
induced by Amk ×Prk ,→ Amk ×PNk , N=( r+dr )−1, obtaining U˜
′′
. Then
f′ is pushed by the inclusion to some linear element f′′ = g0v0 + · · ·+ gNvN (gi ∈A)
in the coordinate ring of U˜
′′
.
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By Remark 5.5(iii), U˜
′′
is the blowing up variety of U along Id, generated by, say,
f0; : : : ; fN . The polynomial f
′′=g0f0+ · · ·+gNfN ∈ Id is pulled back by this blowing
up to f′′. Now, it is well known that the coordinate ring of the N +1st principal aIne
subset of the blowing up variety of U , using the generating set f0; : : : ; fN ; f
′′ for Id,
is isomorphic to A[f0=f
′′; : : : ; fN =f′′], while this aIne subset is isomorphic to the
chosen aIne patch of U˜ .
Let J˜ ⊆ A[y0; : : : ; yn] be the de2ning ideal of U˜ ; it must contain elements with
positive degree (except if the blowing up is an isomorphism over U and there are no
homogeneous variables present). We compute the saturation of J˜ , which must contain
linear elements.
Remark 5.2. (i) If there are no linear elements in J˜ , instead of saturation, we can
apply d-uple embedding for U˜ (as in the Proof of Lemma 5.1), where d is the maximal
degree of elements in a 2xed 2nite generating set of J˜ , We obtain linear elements in
the vanishing ideal of the embedded variety. (ii) Actually, we can even assume that J˜
is generated in degree one. Once we found generators of a suitable blowing up center
from the linear elements of J˜ , we can “reconstruct” the blowup algebra including the
higher degree relations by computing the blowing up as in Section 2.
We try to 2nd suitable generators for the ideal of the center by examining the
relations of the coeIcients of the homogeneous variables in the linear generators of
the de2ning ideal of U˜ . Here is the method we use.
Let the degree one generators of a 2nite generating set of J˜ be g1; : : : ; gk . Let gij ∈A
be the coeIcient of yj in gi and let us consider the module of syzygies de2ned by
the homogeneous equation system

g10 : : : g1n
...
. . .
...
gk0 : : : gkn




y0
...
yn

=


0
...
0

 :
Let (h0; : : : ; hn)∈An+1 be a generator of the solution module. The next lemma and
proposition shows that these A-elements are generators of an ideal which is suitable to
de2ne the blowing up.
Lemma 5.3. Let J˜ ⊂ A[y0; : : : ; yn] be the saturated de:ning ideal of a blowing up
variety U˜ with linear equations. Then there are f0; : : : fn ∈A such that fjyi−fiyj ∈ J˜
for all 06 i; j6 n.
Proof. Let h0; : : : ; hn ∈A be the components of a generator of the module of syzygies
of the linear equations of J˜ .
For i = j, let us take the jth principal aIne subset of U˜ , whose coordinate ring
must be isomorphic to a subring of k(U ) by Lemma 5.1. Under this isomorphism yi
is mapped to some pij=qij; pij; qij ∈A; qij = 0, which forces the jth dehomogenization
of J˜ to contain an element qijyi − pij.
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By homogenizing the equation with respect to yj we get that qijyi − pijyj must be
in (the saturated) J˜ . But by construction we must have qijhi=pijhj, hence sijqij=rijhj,
sijpij = rijhi, for some rij; sij ∈A; rij = 0.
Let r =
∏
06i; j6n; i =j rij, and let fi = rhi; i = 0; : : : ; n. We have that fiyj − fjyi =
sijr=rij(pijyj − qijyi)∈ J˜ when i = j. If i = j the containment is obvious.
Proposition 5.4. Let I be generated by h0; : : : ; hn, the components of a generator of
the module of syzygies, obtained by the method of this section. The blowing up of
U de:ned by I is isomorphic to U˜ .
Proof. By Lemma 5.3, we have a 0 = r ∈A, such that r(hiyj − hjyi)∈ J˜ for all
06 i; j6 n. Therefore U˜ admits a natural aIne cover Ui = SpecAi, where Ai =
A[h0=hi; : : : ; hn=hi], i=0; : : : ; n. But this is exactly what we get by blowing up along I ,
using the set of generators h0; : : : ; hn. That is, both U˜ and the blowing up of U with
respect to I can be covered by n+1 pairwise isomorphic aIne subsets. Finally, since
the coordinate rings of these subsets are the same subrings of k(U ), the arising gluing
maps are also the same between the corresponding pieces.
Remark 5.5. (i) Note that the elementary linear relations already determine the syzygy
up to multiplication by A-elements. This is suIcient for us, because such tuples (except
the trivial one) de2ne isomorphic blowing ups (Exercise 7.11(b) in [8]). In the sequel,
we eliminate all the common factors from the generators of the solution module, ob-
taining a single minimal one which we use to de2ne I by default. (ii) A generating set
for the syzygy module can be obtained via extended GrOobner basis computation. The
saturation of an ideal can also be computed by means of GrOobner bases. (iii) Passing
to d-uple embedding of the blowing up variety corresponds to replacing the ideal I
of the blowing up center by Id. This corresponds with the fact that I and Id de2ne
isomorphic blowing ups (Exercise 7.11(a) in [8]). The homogeneous vanishing ideal
of the embedded variety can be computed by means of GrOobner bases. Alternatively,
if d is at least as big as the maximal degree of a given generating set of the vanishing
ideal of the blowing up variety, we can take its dth inverse saturation (see De2ni-
tion 3.1) and replace degree-d power products by their corresponding new variables.
This yields linear relations in the vanishing ideal of the embedded variety. Finally, the
higher degree equations of the embedding of the ambient projective space must also
be added to get a complete generating set.
Theorem 5.6. The method of Proposition 5.4 can be generalized to compute an ideal
sheaf over X whose blowing up is isomorphic to i(Z) ⊂ PnX .
Proof. Let X be given by its aIne subsets U(i) = SpecA(i), i = 1; : : : ; m. By Proposi-
tion 5.4, we can compute ideals I(i) ⊆ A(i) whose blowing ups are isomorphic to the
quasi-projective patches U˜ (i) of i(Z).
We have to make sure that the I(i) de2ne a sheaf of ideals over X . We computed
saturation for all the de2ning ideals of the U˜ (i), thus I(i) de2ne a sheaf because i(Z)
is de2ned by a sheaf of k-algebras over X , in which the section over U(i) is a graded
A(i)-algebra of the form A(i)[y0; : : : ; yn]=J(i) with saturated J(i). The solution modules of
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syzygies, de2ned by the linear parts of the J(i), form a sheaf of modules over X . And
2nally, Remark 5.5(i) makes the choice of the module generator unique, eliminating
redundant principal factors from the ideal sheaf de2ned by the I(i).
Remark 5.7. If we computed d-uple embedding instead of saturation, the argument of
Theorem 5.6 holds if we use the same d for all the quasi-projective patches U˜ (i) (the
strategy is analogous to the one of Theorem 3.4 for inverse saturation).
In the rest of this section we deal with a representational issue, whose solution can
be reduced to the one above. When a quasi-projective variety X is given by a 2nitely
generated k-algebra and Z is computed via a sequence of blowing ups X 1←· · · l←Z , so
that Z ⊂ X ×Pn1k × · · ·×Pnlk , Z can be represented by a single multi-graded k-algebra.
Let Ai be the deg
i
i-graded k-algebra of Xi; (i = 0; : : : ; l; X0 = X; Xl = Z), de2ned by
the blowing up with respect to hi;0; : : : ; hi;ni ∈Ai−1 for i¿ 0.
It is easy to see when Ai has the structure of an Ai−1 algebra, generated by zi;0; : : : ;
zi;ni , which is multi-graded by deg
i
i and deg
i
j, where deg
i
j a = 0 for a∈Ai−1 and
degij zi;m=deg
i−1
j hi;m for m=0; : : : ; ni; j=0; : : : ; i−1; i ¿ 0. Because the new grading
prescribes degii zi;m =1, we must also have deg
i
j zi;m = dj, that is, deg
i−1
j hi;m = dj must
hold for some dj, m= 0; : : : ; ni.
If Z is given by a multi-graded k-algebra, which ful2lls the previous requirement
on the Ai-algebra tower, the (unknown) blowing up centers must have been generated
in uniform degrees. Let us choose i to be the l-fold Segre-embedding, when we have
that i(Z) ⊂ P
∏
i (ni+1)−1
X = Proj (A
′) is de2ned by a homogeneous ideal J , where A′ =
A[zi1 ;:::;il | ij=0; : : : ; nj; j=1; : : : ; l]. A set of generators for J can be computed by means
of GrOobner bases.
By the construction of the Segre-embedding and the fact that the coeIcients of the
z-variables are from A, we get that the k-algebra homomorphism ’ : A′ → A, for which
the z-homogeneous part of ker ’ is just J , sends zi1 ;:::;il to the product
h1; i1 (’2h2; i2 ) · · · (’2 · · ·’lhl; il)∈A;
where ’j : Aj → Aj−1 2xes Aj−1 and sends zj;m → hj;m, m= 0; : : : ; nj.
Summarizing the observations of the previous paragraphs, we have that A′=J is the
blowup algebra of A that belongs to the center which is obtained by applying the
method of Section 3. That is, if we choose i to be the l-fold Segre-embedding, such
that i(Z) is represented by A′=J , we can apply the method of Theorem 5.6 to obtain
the center in A that uni2es the sequence of blowing ups X 1←· · · l←Z .
6. An extended example
First of all, I would like to thank H. Hauser, who posed the problem of unifying
blowing up sequences to me via this example (see also Proposition 3.3 on page 349
in [9]). Let X0 = A3k = SpecR0, where R0 = k[x1; x2; x3] and k is, for instance, the
algebraic closure of the rationals. Let us blow up X0 along the ideal I1 = 〈x1x2; x3〉,
getting X1 ⊂ A3k×P1k with coordinate k-algebra R1 =k[x1; x2; x3; y0; y1]=〈x1x2y1−x3y0〉,
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which can be covered by aIne subsets naturally: X10 = SpecR10, R10 = R1=〈y0 − 1〉 ∼=
k[x1; x2; x3=(x1x2)], X11 = SpecR11, R11 = R1=〈y1 − 1〉 ∼= k[x1; x2; x3; x1x2=x3].
We have that X11 is singular at the point I2 = 〈x1; x2; x3; y0〉, which is outside X10.
We blow up X11 along this point and represent the blowing up variety by its aIne
subsets X20; X21; X22; X23 with corresponding k-algebras:
R20 ∼= k
[
x1; x2; x3;
x1x2
x3
;
x2
x1
;
x3
x1
;
x2
x3
]
∼= k
[
x1;
x2
x1
;
x3
x1
;
x2
x3
]
;
R21 ∼= k
[
x1; x2; x3;
x1x2
x3
;
x1
x2
;
x3
x2
;
x1
x3
]
∼= k
[
x2;
x1
x2
;
x3
x2
;
x1
x3
]
;
R22 ∼= k
[
x1; x2; x3;
x1x2
x3
;
x1
x3
;
x2
x3
;
x1x2
x23
]
∼= k
[
x3;
x1
x3
;
x2
x3
;
x1x2
x23
]
;
R23 ∼= k
[
x1; x2; x3;
x1x2
x3
;
x3
x2
;
x3
x1
;
x23
x1x2
]
∼= k
[
x1; x2;
x1x2
x3
;
x3
x2
;
x3
x1
]
:
Now we have that X10; X20; X21; X22; X23 can be glued together to form X2 the blowing
up variety of X1 along I2 de2ned by I2 over X11 and R10 over X10. Note that we also
have I2 = 〈x1; x2; x3; y0〉R1.
Let us use the method of Section 3 to 2nd the blowing up that results a vari-
ety isomorphic to X2. The homomorphism ’1 :R1 → R0 is de2ned as a → a for
a∈R0, y0 → x1x2, y1 → x3. A generating set for the 2rst inverse saturation of I2
is {x1y0; x2y0; x3y0; x1y1; x2y1; x3y1; y0}, which in this case can be easily simpli2ed to
I′2 = {x1y1; x2y1; x3y1; y0}.
The blowing up center is then de2ned by 〈x1x2; x3〉〈x1x3; x2x3; x23 ; x1x2〉 in R0, which
results I = 〈x21x22 ; x1x2x3; x1x22 ; x1x23 ; x33〉 after some straightforward simpli2cation.
Let us blow up X0 along I and compute the natural aIne cover for the blowing up
variety: X30; X31; X32; X33; X34 with corresponding k-algebras
R30 ∼= k
[
x1; x2; x3;
x3
x1x2
;
x23
x1x22
;
x23
x21x2
;
x33
x21x
2
2
]
∼= k
[
x1; x2;
x3
x1x2
]
∼= R10;
R31 ∼= k
[
x1; x2; x3;
x1x2
x3
;
x3
x2
;
x3
x1
;
x23
x1x2
]
∼= k
[
x1; x2;
x1x2
x3
;
x3
x2
;
x3
x1
]
∼= R23;
R32 ∼= k
[
x1; x2; x3;
x1x22
x23
;
x2
x3
;
x2
x1
;
x3
x1
]
∼= k
[
x1;
x2
x3
;
x2
x1
;
x3
x1
]
∼= R20;
R33 ∼= k
[
x1; x2; x3;
x21x2
x23
;
x1
x3
;
x1
x2
;
x3
x2
]
∼= k
[
x2;
x1
x3
;
x1
x2
;
x3
x2
]
∼= R21;
R34 ∼= k
[
x1; x2; x3;
x21x
2
2
x33
;
x1x2
x23
;
x1
x3
;
x2
x3
]
∼= k
[
x3;
x1x2
x23
;
x1
x3
;
x2
x3
]
∼= R22:
We got X30 ∼= X10; X31 ∼= X23; X32 ∼= X20; X33 ∼= X21; X34 ∼= X22, and they are glued
together in an isomorphic way, where the gluing maps can be easily reconstructed
from the inclusions of the Rijs into k(X0).
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Let us compute now the Segre-embedding i(X ′2) of X
′
2 ⊂ A2k × P1k × P3k , obtained
by blowing up X1 along I′2 ⊂ R1, into A3k × P7k . The bigraded k-algebra of X ′2 is
k[x1; x2; x3; y0; y1; z0; z1; z2; z3]=〈J 〉, where J = {z1z0− z2z3; z1x3− x2z2; x1z1− x3z3; x3z0−
x1z2; z0x2− x3z3; y1x3z3−y0z2; x2y1z3−y0z1; x1y1z3−y0z0; x2x1z2− x23z3; x1x2y1− x3y0}.
The equations of i(X ′2) in k[x1; x2; x3; v00; : : : ; v13] can be determined by GrOobner basis
computation:
gbasis({vij − yizj | i = 0; 1; j = 0; 1; 2; 3} ∪ J; T );
where T is an elimination term order for the variables yi; zj, and the desired equations
are the elements of the GrOobner basis which are free of the yis and zjs. In this example
they are:
{x3v13 − v02; x2v13 − v01; x1v13 − v00; v12v03 − v02v13; v10v11 − v12v13; v11
v03 − v13v01; v02v11 − v01v12; v11v00 − v02v13; v11x3 − x2v12; v11x1 − v02;
v10v03 − v13v00; v02v10 − v12v00; v10v01 − v02v13; v10x3 − x1v12; v10x2 − v02;
v01v00 − v02v03; x3v01 − x2v02; x1v01 − x3v03; x3v00 − x1v02; x2v00 − x3v03;
x2v12x1 − x3v02; x1x2v02 − x23v03}:
Next we apply the method of Section 5 to 2nd a blowing up which results a variety
isomorphic to i(X ′2) (and hence also to X
′
2 and to X2). We set up the homogeneous
linear equation system from the linear equations of i(X ′2); the matrix is:

0 0 −1 0 0 0 0 x3
0 −1 0 0 0 0 0 x2
−1 0 0 0 0 0 0 x1
0 0 0 0 0 x3 −x2 0
0 0 −1 0 0 x1 0 0
0 0 0 0 x3 0 −x1 0
0 0 −1 0 x2 0 0 0
0 x3 −x2 0 0 0 0 0
0 x1 0 −x3 0 0 0 0
x3 0 −x1 0 0 0 0 0
x2 0 0 −x3 0 0 0 0
0 0 −x3 0 0 0 x1x2 0
0 0 x1x2 −x23 0 0 0 0


:
The syzygy solver returns a single generator for the solution submodule: (−x3x21x2;
−x3x1x22 ;−x23x1x2;−x21x22 ;−x23x1;−x23x2;−x33 ;−x3x1x2) which simpli2es to the ideal gen-
erator set {x21x22 ; x1x2x3; x1x22 ; x1x23 ; x33} (generating I).
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